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Abstract: The paper aims to compare two different strategiexcuracy improvement of studied prognostic nucaé
models. The price prognoses of aluminium on thedbornMetal Exchange were determined as the numesatation of
the Cauchy initial problem for the 1st order ordjndifferential equation. To make the numerical mlatiore accurate
two ideas were realized, the modification of th&iahcondition value by the nearest stock exchafugéial condition
drift) and different way of creation of the diffetéal equation in solved Cauchy initial problemifgstwo known initial
values). With regard to the accuracy of the deteeshinumerical models, the model using two knowtainvalues
obtained slightly better forecasting results. Theamabsolute percentage error of all observed detiy terms was
mostly less than 5%. This strategy was more suftdésproblematic price movements, especiallyteep price increase
and within significant changes in the price movetseharger fluctuation of prognoses calculated lig model was
disadvantageous in forecasting terms with a smedk.eModerate increase of prognoses obtained éynthdel using
initial condition drift better described price fluation. Both chosen strategies eliminated thecBstng terms with the
mean absolute percentage error larger than 10%refine, we recommend both strategies as acceptedojefor
commodity price forecasting.

1 Introduction problem for the ¥ order ordinary differential equations

Forecasting the prices of metals is important imyna [12-16]. Observed numerical models used publicly
aspects of economics. Non-ferrous metals a@/allable aluminium prices on the London Metal Eﬂlye
indispensable industrial material and strategiqetts of (LME) [24] collected from December 2002 to June @00
national economic development. Therefore, the pricBhe monthly averages of the daily closing aluminium
forecasting of metals is critical for researcheFhe Prices "Cash Seller&Settlement price” (in US dallaer
forecast on commodity prices usually takes intooant tonne) were worked on, see Figure 1.
predictive mathematical models [1-23]. There alet af _
different approaches to forecasting and improvemehnt " .
specific forecasting algorithms. Statistical modetsially 20k
based on time series analysis are often used (4ZDL22].

Recently statistical models with multi-objective “*'| Ay .
programming for non-linear time series [18], diffet ;|
strategies for automatic lag selection in timeeseanalysis
[5] and functional time series analysis [2,8] arestty i i a
proposed. There are a lot of novel hybrid methans =~ | i A
forecast commodity prices consisting of the classic asts 5
GARCH model and neutral network model to boost th et P
prediction performance [9]. The analytic networkqass - A
is one of the multi-criteria decision-making method

widely used to solve various issues in the realldvof 1300 - .
financial management [1,3,11,23]. The method foreti 2 8 5

series analysis are also combined by adding stbchesn  Figure 1 Course of the aluminium prices on LMEtie years

to the first-order differential equation. Solutiaf this 2003 — 2006 [13-16]

equation represents the time response functionhnsic

capable of creating evolving path of the commogitige 2 Mathematical models

[6]. Deep learning models and a new intelligenttesys In previous papers [13-17] we interested in finding
namely group method of data handling are quickljmprovements of created numerical models. Based on
developing for prediction of commodity prices [319].  obtained results, the most accurate prognostic leedse

Our prognostic models are based on numericgklected. In both models, the model using initiaddition
modelling using numerical solution of the Cauchiiah
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drift and the model using two known initial valugege In(Y;,;)-In(Y;), for i = 0,1...,42, have approximately
Cauchy initial problem in the form constant course, wheYe was the aluminium price (stock
exchange) on LME in the montk) .

In the model using initial condition drift the ciefent
a, was obtained by approximating the prices of
o _ L oax _ 8 the approximation term by the least square’s methet
is in the formy = ke™", wherek = y, & ™% . us consider two different ways of the approximatenms’
The exponential trend was chosen according toetbte tcreation, variant B and variant E, [13-16], seauFég?2 and
criterion of the time series’ trend suitability. §kalues Figure 3.

Y =ay, Y(X)=Yo 1)

was considered. The particular solution of the |enmb(1)

2r 3.m 4.p 5.P® 7.r 8. o.® 1.®
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Figure 2 Variant B (A — approximation term,P —doasting term)
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Figure 3 Variant E (A — approximation term, P —doasting term)

According to the acquired approximation function After some manipulation the formula of unknown
¥ = 8,e®*, the Cauchy initial problem (1) was written incoefficienta, was determined

1 Y;
the model using initial condition drift in the form W= In (Yi_l) :
, Substitutinga, to the Cauchy initial problem (2) we
y'=ay, yx)=Y, (2)  obtained
—i i ; , 1 Y;
where x, =i was the last month of the approximation Y=o In (YH) y, y(x) =Y. 3
term,Y; was the stock exchange in the momth fori=123..

In the model using two known initial values, tWo  The unknown values of aluminium prices were
known points[x;_;,¥;_;] and[x;Y;] were considered, computed by the numerical solution of the Cauclityain
wherex;_; x; were the orders of the month and;, ¥;  problems (2) and (3) by means of the numerical oth
were stock exchanges in the months;, x;. That means [25]. The method used the following numerical fotagu
[x;, Y;] were the values corresponding to the next month in X, =% +h,
comparison with those dfc;_,,Y;_,]. Substituing points v [y
[xl-_in_l], [x;, Y] to the gelnlerz;I solution of théJ p?roblem Yia =i +bh+Qe” (e " _1)-
(2) we acquired; = Y;_;e*&i=%*i-1),
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fori=123..., where h=x,, —x, was the constant size determined [13-16]. Let consider the absolute pasmge

step. The unknown coefficients were calcula},ted leans error|ps| _ IyS —Ys| 100% , which told us how close the
of these formulae V= 106 v1) , Ys
06, v1) calculated prognosis wag in the month x;to the real
_ /06,y ) - T (%, ) b= f(x,y;)- f'(%,Y;) . stock exchange/,. The price prognosig, is acceptable
a- v ve¥ ' s v in practice, if|ps| <10%. Otherwise, it is called critical

In both determined models daily forecasting wasluseforecasting value [12-16].
The interval <xi ,X41) of the lengthh=1 month was

divided into n parts, wheren is the number of trading 3 Results and dISC}JSSIOn ) )

days on LME in the montk.,,. We gained the sequence3-1  Results of determined numerical commodity
h price forecasting

=X +—j, In previous research we dealt with improvementef t
n created numerical models by increasing their fasticg

for j =12...,n, wherex, = x,, .For each point of the accuracy. The first way of improvement, used inrttozlel

subdivision of the interval, the Cauchy initial ptem in ~ Using initial condition drift, was based on changithe
the form (2) or (3) was solved. By calculating the/alue of the initial condition in solved Cauchy tiai
arithmetic mean of obtained daily prognoses, thatirly problem. The most accurate were the models in wihieh

prognosis of the stock exchange in the manth was Stock exchange was used as a value of the indtadition.
Zn Observing different ways of changing the initiahdiion

value, we have found out that replacing the ing@idition
value by the stock exchange, which was the neadoest
corresponds to creation of the monthly averagedadl month where the initial condition drift was occutrevas
closing aluminium prices on LME. the most successful. That allowed to put calculated

In the model using two known initial values by mganprognoses closer to the real stock exchanges and
of two known pointgx;_,,Y;_,] and[x;, ;] the prognosis significantly improved forecasting results [13-16].
yi41 in the monthx;,,, i = 1,2,3, .., was calculated. In ~ Another way of improvement of the forecasting
this way price prognoses in the months from Felyraap3 process, used in the model using two known initélies,
to June 2006 were gradually determined. In the mod®as trying to find different way of creating of the
using initial condition drift the prognoses withisix differential equation in the form’ = a,y. The coefficient
months following the end of the approximation temere @, in the Cauchy initial problem calculating progreosi
forecasted. The accuracy of the model was imprdued the month;,;, was determined by using two known points
changing initial condition valug;,, s = 1,2, ...,5 by the  [xi_1,Yi_1] and[x;, Y], whereY,_; andY; were known
stock exchangg ., ,_,, if the absolute percentage prognosistock exchanges in previous months, and x;.
error in the monthx;,; exceeded chosen value 7%.Comparing the values of prognoses obtained by iheemn
Otherwise, the initial condition value in the month, was With real stock exchanges, we have found out that
replaced by calculated monthly prognoggs [13-16]. predictions of this model were also satisfactoi3][1

To compare the forecast accuracy in different Within studied group of 36 forecasting terms of

forecasting terms of the length six months, the mea/ariants B and E, see Figure 2 and Figure 3, theesis of
the determined models was studied. In both observed

of the division points X =% , X;

Vi
obtained. Thus, yiﬂ:L".Daily forecasting
n

t
Z|ps| models, the MAPE and number of critical values were
absolute percentage error (MAPEp==1— was determined for each forecasting term. Obtainedit®ane
t shown in Figure 4 and Figure 5.
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MAPE T = :
x  The model using mitial condition drift
© The model using two known initial values
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Figure 4 The mean absolute percentage errors foseh mathematical models - variant B.
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Figure 5 The mean absolute percentage errors foseh mathematical models - variant E.
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In order to compare forecasting results in botlewas 10% in variant B four times and in variant E nimads.
B and E, the arithmetic mean of MAPEs was deterthineThe cause of forecasting fail was the rapid sigaift
We also dealt with specifying the most accurateehfmr change in the price course. Within these monthsroed
each forecasting term. The forecasting success @ther rapid price decrease after price increaserifital
determined mathematical models within the forenasti value in variant B and 2 critical values in vari&jior rapid
terms is visible in Table 1 and Table 2. price increase after price decline (3 critical ealuin
variant B and 7 critical values in variant E). Tlaeger

Table 1 The success rate of determined mathematiodéls -  were changes, the higher errors of the prognoses we

variant B. gained. In both considered models there was nadsting
Criterion The model using The modelusingtwg term, where the mean absolute percentage erroedede
initial condition drift known initial values 10%. This parameter pointed at periods and price
The arithmetic mear| movements in which forecasting was unacceptable.
; 477% 4.00% . .
of MAPE Better forecasting results of the model using twown
The number of the initial values were also confirmed by the distribot
most accurate price 2 9 number of the forecasting terms according to thesan
prognose absolute percentage error, see Table 3 and Table 4.
The number of the 4 1
critical value: Table 3 Distribution of the number of the forecagti
The number of o o terms according to their MAPE - variant B.
MAPE at least 1% The model using The model using twa
MAPE L s U -
initial condition drift | known initial values
Table 2 The success rate of determined mathematiodeéls -
. <5% 6 10
variant E.
. The model using The model using twd 0 0
Criterion initial condition drift known initial value (5%7,5%) 4 !
The arithmetic mean (7,5%, 10%) 1 0
of MAPE 4.37% 3.91%
The number of the > 10% 0 0
most accurate price| 13 13
prognose o )
Table 4 Distribution of the number of the forecagti
The number of the 9 1 t dina to their MAPE iant E
critical values erms according to their - variant E.
The model using The model using twg
The number of 0 0 MAPE initial condition drifi | known initial values
MAPE at least 1%
<5% 16 24
The tables show the model using two known initidt
values slightly more accurate. This model, in hathants (5%, 7,5%) 8 1
B and E, acquired lower arithmetic mean of MAPEalbf
. . .. . 0, 0,
forecasting terms. In variant B, containing 11 éagting (7,5%,10%) ! 0

terms, the model was more successful than the nosde
initial condition drift 9 times. Considering variag, in
which 25 forecasting terms were observed, sucddsstio
numerical models was identical. Both models obthine Tables clearly show, that by means of the modelgusi
better results in comparison to the other 13 time@ine  two known initial values more forecasting termshwitwer
forecasting term the same results in both modelee weMAPE were acquired than by the model using initial
gained. condition drift. All forecasting terms calculated Ibhe
The forecasting success of the model using two knownodel using two known initial values acquired MARES
initial values was also indicated by lower numidaridical  than 7.5%. Mostly the mean absolute percentage was
values. These values pointed at the months ane priess than 5%, 10 forecasting terms in variant B 24d
movements in which forecasting failed. By the mads#hg  forecasting terms in variant E. There was just one
two known initial values, there was only one progapin  forecasting term with MAPE in the intervéB%, 7.5%),
both variants B and E, with absolute percentager errthe forecasting terndanuary 2006 — June 200@ith
exceeded 10%. It was prognosis in June 2006, Wh&IAPE 6.21% in both variants B and E. Within this

aluminium price steeply increased, so forecastmgnot forecasting term aluminium prices were steeply
follow it. Prognoses calculated by the model usimtial  fluctuating.
condition drift obtained absolute percentage eatdeast

> 10% 0 0
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Consider the model using initial condition drifiere forecasting, which appeared in forecasting termh wit
were less forecasting terms in intervals with loM&PE. a small error, was observed just in one forecadtmm
The most accurate forecasting, with MAPE less tify  using forecasting by two known initial values intloo
was obtained in 6 forecasting terms of variant Bianl6 variant B and variant E. If prognoses were calealaty
forecasting terms in variant E. Higher forecastinghe model using initial condition drift, there wef
inaccuracies, MAPE from interv&b%, 7.5%), occurred forecasting terms in variant B and 8 forecastimgein
also quite often, in 4 forecasting terms in varidrégnd in  variant E with a small error. Mostly forecasting mgans
8 forecasting terms in variant E. The least aceuveds of both determined models was so accurate that all
forecasting also in the forecasting tedanuary 2006 — calculated prognoses were less than 10%.
June 2006with MAPE 8.00% in variant B and 8.06% in
variant E. 3.2 Discussion about the success of observed

Let us observe the forecasting success of the numerical modds
determined numerical models by means of distriloutib Let analyse the forecasting success of determined

the number of the forecasting terms with differenor  nhumerical models. Comparing the prognoses of hygtést
rate. Based on the prognosis accuracy analysisodets, of forecasting and stock exchanges within observed
the forecasting terms were classified into threess#s periods we have found out different strategies haf t
[13,15]. In trouble free forecasting terms foretapwas forecasting errors’ correction. In the model usinijal

the most accurate due to the fact that no critiahle was condition drift the stock exchanges in approximmrm
obtained in these terms. In the second group there \vere approximated by the least square’s methoariant
forecasting terms with a small error, in which saritical B |0nger approximation terms than in variant E wesed.

value was acquired by forecasting, but MAPE of th ; . oo = ax
forecasting term was less than 10%. Forecastimgdfanm Dbtained exponential approximation functigne e

forecasting terms with a big error, where MAPE vaas determined differential equation in the forpi= a,y,
least 10%. Distribution of number of the forecagtierms Which affected rate of an increase or a decrease of
in these determined groups, in both variant B antsE ca_llculate.d prognoses. Usually, the approximatiomse
shown in Table 5 and Table 6. In Figure 4 and Fidair with a price increase belonged to the observect@sr_tmg
trouble free forecasting terms are green, forevgsérms (€rMs. Therefore, calculated prognoses were iniogas

with a small error are blue and forecasting territs whig {°0- Using longer approximation terms, a prognoses
error are red. increase was more moderate, so forecasting dideaot

so strongly to fluctuation in the price evolutio@n
contrary, forecasting in variant E was based orrtsho
approximation terms. Therefore, calculated progsose
increased or decreased steeper and forecastingnaegh

to changes in the price source. Within the modbleroatic
forecasting terms a steep price increase and change

Table 5 Distribution of the number of the forecagti
terms in determined groups - variant B.

Type of
forecasting ten

The model using
initial condition drifi

The model using twg
known initial values

Trouble free

forecasting tern 8 10 _price movements u.sgglly occg(red. The forecastimysa

. in the model using initial condition drift were bigh, that
Forecasting terms 3 1 the initial condition drift was necessary for apagch to
with a small errc the real stock exchanges. After initial conditiatftcthe
Forecasting terms 0 0 next calculated prognoses were immediately pueclas

with a big erro

the values of the stock exchanges, what signifigant
improved forecasting. But approaching to real stock
exchanges was gradual and slower in comparison to
forecasting by the model using two known initialuea

Table 6 Distribution of the number of the forecagti
terms in determined groups - variant E.

Type of
forecasting term

The model using
initial condition drift

The model using twg
known initial values

Trouble free

with a big erro

Forecasting by means of both models was so accur.
that there were no forecasting term with a bigreifbat
fact pointed at suitable forecasting accuracy withi
movements.

complicated

price

The

Forecasting by the model using two known initidLiea
was usually more advantageous due to differertegtyaof
forecasting. The computed prognosis kept the toéido

forecasting tern 1 24 previous initial stock exchanges in the months andx;.
Forecasting terms| . L It means, these relations holfl, <Y; <y, ¥y >

with a small error Y; > v,,1, respectively. The success of the forecasting by
F , this model depended on the intensity of eithemaneiase
orecasting terms 0 0

or a decrease in three observed months, x; andx;. ;.
The steeper increase or decrease in the priceecaas
ggeurred, that means inequality,,, — Y[ > |Y; — ¥,
was larger, the more successful was forecastinghby
model using two known initial value. The calculated

problematic
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prognoses immediately approach steep price incraage [2] DEHGHANI, H., BOGDANOVIC, D: Copper price

also changes in the price course. estimation using bat algorithmResources Poligy
Within forecasting terms with a small error moderat  Vol. 55, pp. 55-61, 2018.

fluctuation often appeared. Moderate changes iptlee  [3] DO, Q.H., Zen, T.T.H.: Predicting primary comdiky

course caused larger fluctuation of the prognoses prices in the international market: An applicatioh

calculated by the model using two known initial uel group method of data handling neutral network,
Otherwise, within moderate fluctuation the absolute Journal of Management Information and Decision
prognoses errors were smaller, so the initial dorddrift Science Vol. 22, No. 4, pp. 471-482, 2019.

did not occur in the model using initial conditidrift. An  [4] DRACHAL, K.: Forecasting prices of selected aist
increase of calculated prognoses was moderateettet b~ with Bayesian data-rich modeResources Poligyol.
described price fluctuation. Therefore, moderate 64, No. December, pp. 1-16, 2019.

forecasting by the model using initial conditionifidr [5] GARCIA-GONZALO, E., GARCIA NIETO, P.J.,

became usually more accurate within moderate faiin. GRACIA RODRIGUEZ, J. SANCHEZ LASHERAS,
F., FIDALGO VALVERDE, G.: Time series analysis
4 Conclusions for the COMEX Copper spot price by using support

The main purpose of this paper was Comparing the vector regressiorAdvanced in Intelligent System and
performance of two successful alternative stragegie Computing,Vol. 1268, pp. 702-708, 2021.
commodity price forecasting. The findings of tésearch [6] GLGORIC, Z., GLIGORL, M., HALILOVIC, D.,
work are in line of previous studies. Both modelsray ~ BELJIC, C., UROSEWC, K.: Hybrid stochastic-grey
created as improvements of our less accurate pstigno ~ Model to forecast behavior of metal prices in nanin
numerical models. Their forecasting success wasateti industry, Sustainability, Vol. 12, No. 16, pp. 1-21,
by reducing unacceptable forecasting results. Usiege 2020.
forecasting strategies, no forecasting term with RgA [7]HE, K. LU, X., ZOU, Y., KEUNG LAl, K.
larger than 10% was acquired. Although, the anmlysi Forecasting metal prices with a curvelet based

indicated similar forecasting results, observedpaters multiscale methodologyResources PoligyVol. 45,
were slightly better for the model using two knoiitial No. September, pp. 144-150, 2015.

values. The arithmetic mean of MAPE and number d8] HORVATH, L., LIU, Z, RICE, G., WANG, S.: A
critical values were lower than in the model usinigjal functional time series analysis of forward curves
condition drift. There were also more forecastirgrts derived from commaodity futurebjternational Journal
with lower MAPE. of ForecastingVol. 36, No. 2, pp. 646-665, 2020.

Comparing the values of prognoses obtained H9]HU, Y., NI, J., WEN, L: A hybrid deep learning
determined models, we have found out that prognoses approach by integrating LSTM-ANN networks with
determined by the model using two known initial ues GARCH model for copper price volatility prediction,
were more often changing than prognoses of the mode Statistical Mechanics and its Applicationgol. 557,
using initial condition drift. Therefore, the stegy of using No. November, pp. 1-14, 2020. _
two known initial value was more suitable within[10] IZARIKOVA, G.: Analysis of Gross Domestic
problematic price movements, which caused higher Product using time seriednterdisciplinarity in
forecasting errors. We recommend using this model theory and PracticeVol. 2014, No. 3, pp. 48-51,
especially at steep price movements and significant 2014.
changes in the price course. If the price courss whll] KHEYBARI, S., REZAIE, F.M., FARAZMAND, H:

moderate, gradually changing prognoses of the model Analytic network process: An overview of

using initial condition drift obtained lower progses application,Applied mathematics and Computation,
errors. Vol. 367, No. February, pp 1-35, 2020.
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